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Totally Real Flat Minimal Surfaces in
Quaternionic Projective Spaces ∗
Ling He † and Xianchao Zhou ‡
ABSTRACT. In this paper, we study totally real minimal surfaces in the quater-
nionic projective space HPn. We prove the linearly full totally real flat minimal
surfaces in HPn are symplectically congruent to the ones in the complex projective
space CPn. Then we determine that the one of isotropy order n is just the Clifford
solution in CPn, up to symplectic congruence.
1 Introduction
A.Bahy-El-Dien and J.C.Wood have developed a beautiful and quite complete theory
for harmonic two-spheres in the quaternionic projective space HPn(cf.[1]). All harmonic
two-spheres in HPn are generated from quaternionic Frenet pair or quaternionic mixed
pair, which are direct sum of certain harmonic two-spheres in CP 2n+1, by certain flag
transforms called forward and backward replacements. The above theory generates a
series of classification results about minimal two-spheres of constant Gauss curvature in
HPn(cf.[6],[9], [10],[11]).
It is natural to consider the harmonic maps from Riemann surfaces of higher genus.
One of such examples is the totally real superconformal minimal tori in CP 2, H.Ma and
Y.J.Ma (cf.[16]) described explicitly all these tori by Prym-theta functions. Generally,
there is a family of totally real flat minimal surfaces in CPn. This family was given
by K.Kenmotsu (cf.[15]) and J.Bolton and L.M.Woodward (cf.[4]) respectively. Later,
G.R.Jensen and R.J.Liao discovered continuous families of noncongruent flat minimal tori
in CPn by this family minimal surfaces(cf.[14]). We will apply this family to characterize
totally real flat minimal surfaces in HPn.
It is well known that Veronese sequences are a series of harmonic two-spheres of con-
stant Gauss curvature in CPn (cf.[3]). In [12], Y.J.He and C.P.Wang proved that the
Veronese sequences in RP 2m (2 ≤ 2m ≤ n) are the only totally real minimal two-spheres
with constant Gauss curvature in HPn. In [20], S.Udagawa study the classification of
harmonic two-tori in HP 2 and HP 3.
In this paper we mainly study totally real minimal surfaces in HPn. In section 2, we
define quaternionic ka¨hler angle with respect to an isometric immersion from Riemann
surface to HPn, which gives a measure of the failure of the immersion to be a totally
complex map or a totally real map. In section 3, we study totally real minimal surfaces
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in HPn by the method of twistor lift, and get some properties with respect to harmonic
sequence (see Theorem 3.4, Proposition 3.5 and Proposition 3.6). In section 4, we prove
that the linearly full totally real flat minimal surfaces in HPn are symplectically congruent
to the ones in CPn (see Theorem 4.2). Then we determine that the one of isotropy order
n is just the Clifford solution in CPn, up to symplectic congruence (see Proposition 4.3).
At last, we discuss the totally real flat minimal two-tori in HPn.
2 Surfaces in quaternionic projective spaces
For any N = 1, 2, . . . , let 〈, 〉 denote the standard Hermitian inner product on CN defined
by 〈z, w〉 = z1w1 + . . . + zNwN , where z = (z1, . . . , zN )T , w = (w1, . . . , wN )T ∈ CN and¯
denotes complex conjugation. Let H denote the division ring of quaternions, i.e.
H =
{
a+ bi+ cj+ dk|a, b, c, d ∈ R, i2 = j2 = k2 = ijk = −1} .
Since a + bi + cj + dk = (a + bi) + (c + di)j, then it gives an identification of C2 with
H. Let n ∈ {1, 2, · · · }, we have a corresponding identification of C2n+2 with Hn+1. For
any z1 + z2j ∈ H, the left multiplication by j is given by j(z1 + z2j) = −z¯2 + z¯1j. Then
j induces a conjugate linear map from C2n+2 to C2n+2, also denoted by j, i.e.
j(z1, z2, . . . , z2n+1, z2n+2)
T = (−z¯2, z¯1, . . . ,−z¯2n+2, z¯2n+1)T .
Then j2 = −id where id denotes the identity map on C2n+2. In fact, for any v ∈ C2n+2,
jv = Jn+1v¯,
where Jn+1 = diag
{(
0 −1
1 0
)
, . . . ,
(
0 −1
1 0
)}
︸ ︷︷ ︸
n+1
. By the above, we immediately have
the following lemma (cf. [9]).
Lemma 2.1 The operator j has the following properties:
(i) 〈jv, jw〉 = 〈w, v〉 for all v,w ∈ C2n+2;
(ii) 〈jv, v〉 = 0 for all v ∈ C2n+2;
(iii) ∂z ◦ j = j ◦ ∂z¯, ∂z¯ ◦ j = j ◦ ∂z;
(iv) j(λv) = λjv for any λ ∈ C, v ∈ C2n+2.
The quaternionic projective space HPn is the set of all one-dimensional quaternionic
subspaces of Hn+1. Analogous to the Fubini-Study metric on CPn, HPn also carries a
natural Riemannian metric denoted by gHPn . Now we give the canonical quaternionic
ka¨hler structure compatible with gHPn , locally denoted by {I, J, K}. Let
pi : S4n+3
(⊂ C2n+2) → HPn
q 7→ pi(q) (2.1)
be the riemannian submersion with fiber S3, i.e., for q = (z1, z2, · · · , z2n+1, z2n+2), pi(q) =
[z1 + z2j, · · · , z2n+1 + z2n+2j], where |q|2 =
∑2n+2
α=1 |zα|2 = 1. For any q ∈ S4n+3, the
tangent space of fiber is given by
Vq = spanR {iq, jq, kq} .
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We define the horizontal space Hq by
Hq = (Vq)⊥ =
{
v ∈ C2n+2| 〈v, q〉 = 〈v, jq〉 = 0} ,
which is isomorphic to Hn. Then
TqS
4n+3 = Hq ⊕ Vq
and the tangent map pi∗ : Hq → Tpi(q)HPn is an isometric. For any X ∈ Tpi(q)HPn, denote
the horizontal part of X by XH = (pi∗)
−1 (X),
I(X) = pi∗(iX
H), J(X) = pi∗(jX
H), K(X) = pi∗(kX
H). (2.2)
Let {ωI, ωJ, ωK} be the two-forms related to the quaternionic ka¨hler structure {I, J, K},
defined as follows
ωI(X,Y ) = gHPn(IX,Y ), ωJ(X,Y ) = gHPn(JX,Y ), ωK(X,Y ) = gHPn(KX,Y ), (2.3)
where X,Y ∈ Tpi(q)HPn. We know every two-form of {ωI, ωJ, ωK} is defined locally, but
Ω = ωI ∧ ωI + ωJ ∧ ωJ + ωK ∧ ωK (2.4)
is a globally defined, non-degenerate four-form on HPn(cf.[17],[2], [13]). It is usually called
the fundamental four-form of HPn.
Let ϕ :M → HPn be an isometric immersion from riemann surface M to HPn. Then
on some open set U ofM , ϕ has a natural local lift s : U → S4n+3. The explicit description
is that the following diagram commutes:
U ⊂M HPn
S4n+3
ϕ
s
pi
That is, if
ϕ = [z1 + z2j, · · · , z2n+1 + z2n+2j]
with
∑2n+2
α=1 |zα|2 = 1, then s = (z1, z2, · · · , z2n+1, z2n+2). Obviously it satisfies ϕ = pi ◦ s.
Let z = x+iy be the local coordinate of M such that the metric induced by ϕ is given
by
gM = ϕ
∗gHPn = e
2udzdz¯ = e2u(dx2 + dy2), (2.5)
where u is a real function. Set θ1 = e
udx, θ2 = e
udy, e1 = e
−u ∂
∂x
, e2 = e
−u ∂
∂y
. Then
{e1, e2} is a standard orthogonal basis of TM , and {θ1, θ2} is its dual basis. For given
isometric immersion ϕ and the corresponding lift s, we define a new differential operator
dH called horizontal differential operator by
dHs = ds− 〈ds, s〉 s− 〈ds, js〉 js,
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where d is the usual differential operator. The lift s is called a horizontal lift if s satisfies
ds = dHs, that is, 〈ds, s〉 = 〈ds, js〉 = 0. A straightforward calculation shows
ϕ∗e1 = pi∗s∗e1 = pi∗ (s∗e1)
H
= e−upi∗
[
dHs
(
∂
∂z
)
+ dHs
(
∂
∂z¯
)]
. (2.6)
Similarly, we have
ϕ∗e2 = e
−uipi∗
[
dHs
(
∂
∂z
)
− dHs
(
∂
∂z¯
)]
. (2.7)
Since ϕ and pi∗ |Hq are isometric, then we have by (2.6)
gM (e1, e1) = gHPn (ϕ∗e1, ϕ∗e1)
= gHn+1
(
(pi∗)
−1ϕ∗e1, (pi∗)
−1ϕ∗e1
)
= e−2uRe
〈
dHs
(
∂
∂z
)
+ dHs
(
∂
∂z¯
)
, dHs
(
∂
∂z
)
+ dHs
(
∂
∂z¯
)〉
= e−2u
{∣∣∣∣dHs
(
∂
∂z
)∣∣∣∣2 +
∣∣∣∣dHs
(
∂
∂z¯
)∣∣∣∣2 +
〈
dHs
(
∂
∂z
)
, dHs
(
∂
∂z¯
)〉
+
〈
dHs
(
∂
∂z¯
)
, dHs
(
∂
∂z
)〉}
. (2.8)
Similarly, we have by (2.6) and (2.7)
gM (e2, e2) = e
−2u
{∣∣∣∣dHs
(
∂
∂z
)∣∣∣∣2 +
∣∣∣∣dHs
(
∂
∂z¯
)∣∣∣∣2 −
〈
dHs
(
∂
∂z
)
, dHs
(
∂
∂z¯
)〉
−
〈
dHs
(
∂
∂z¯
)
, dHs
(
∂
∂z
)〉}
, (2.9)
and
gM (e1, e2) = e
−2ui
{〈
dHs
(
∂
∂z
)
, dHs
(
∂
∂z¯
)〉
−
〈
dHs
(
∂
∂z¯
)
, dHs
(
∂
∂z
)〉}
. (2.10)
From gM (e1, e1) = gM (e2, e2) = 1 and gM (e1, e2) = 0, we get by (2.8)-(2.10)
e2u =
∣∣∣∣dHs
(
∂
∂z
)∣∣∣∣2 +
∣∣∣∣dHs
(
∂
∂z¯
)∣∣∣∣2 , (2.11)
and 〈
dHs
(
∂
∂z
)
, dHs
(
∂
∂z¯
)〉
= 0. (2.12)
In term of the three two-forms {ωI, ωJ, ωK}, we can define three angles α1, α2, α3 as follows,
cosα1 =
ϕ∗(ωI)
dµM
, cosα2 =
ϕ∗(ωJ)
dµM
, cosα3 =
ϕ∗(ωK)
dµM
, (2.13)
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where dµM = θ1 ∧ θ2 is the volume form of the metric gM . Here α1, α2, α3 are locally
defined. But since Ω = ωI ∧ ωI + ωJ ∧ ωJ + ωK ∧ ωK is a globally defined, non-degenerate
four-form on HPn, then we can define a global function α : M → [0, pi] by
cos2 α =
(ϕ∗(ωI))
2 + (ϕ∗(ωJ))
2 + (ϕ∗(ωK))
2
(dµM )
2 . (2.14)
We call α the quaternionic ka¨hler angle with respect to the isometric immersion ϕ. Ob-
viously cos2 α = cos2 α1 + cos
2 α2 + cos
2 α3. In the following we compute the explicit
expression of cos2 α. A straightforward calculation shows
cosα1 = (ϕ
∗ωI) (e1, e2) = ωI (ϕ∗e1, ϕ∗e2)
= gHPn (Iϕ∗e1, ϕ∗e2) = gHn+1
(
i (ϕ∗e1)
H , (ϕ∗e2)
H
)
= e−2uRe
〈
i
[
dHs
(
∂
∂z
)
+ dHs
(
∂
∂z¯
)]
, i
[
dHs
(
∂
∂z
)
− dHs
(
∂
∂z¯
)]〉
=
∣∣dHs ( ∂
∂z
)∣∣2 − ∣∣dHs ( ∂
∂z¯
)∣∣2∣∣dHs ( ∂
∂z
)∣∣2 + ∣∣dHs ( ∂
∂z¯
)∣∣2 , (2.15)
cosα2 = (ϕ
∗ωJ) (e1, e2) = ωJ (ϕ∗e1, ϕ∗e2)
= gHPn (Jϕ∗e1, ϕ∗e2) = gHn+1
(
j (ϕ∗e1)
H , (ϕ∗e2)
H
)
= e−2uRe
〈
j
[
dHs
(
∂
∂z
)
+ dHs
(
∂
∂z¯
)]
, i
[
dHs
(
∂
∂z
)
− dHs
(
∂
∂z¯
)]〉
= e−2u2Re
[
−i
〈
jdHs
(
∂
∂z¯
)
, dHs
(
∂
∂z
)〉]
=
i
[〈
dHs
(
∂
∂z
)
, jdHs
(
∂
∂z¯
)〉− 〈jdHs ( ∂
∂z¯
)
, dHs
(
∂
∂z
)〉]
∣∣dHs ( ∂
∂z
)∣∣2 + ∣∣dHs ( ∂
∂z¯
)∣∣2 , (2.16)
and
cosα3 = (ϕ
∗ωK) (e1, e2) = ωK (ϕ∗e1, ϕ∗e2)
= gHPn (Kϕ∗e1, ϕ∗e2) = gHn+1
(
k (ϕ∗e1)
H , (ϕ∗e2)
H
)
= e−2uRe
〈
ij
[
dHs
(
∂
∂z
)
+ dHs
(
∂
∂z¯
)]
, i
[
dHs
(
∂
∂z
)
− dHs
(
∂
∂z¯
)]〉
= e−2u2Re
[〈
jdHs
(
∂
∂z¯
)
, dHs
(
∂
∂z
)〉]
=
〈
dHs
(
∂
∂z
)
, jdHs
(
∂
∂z¯
)〉
+
〈
jdHs
(
∂
∂z¯
)
, dHs
(
∂
∂z
)〉
∣∣dHs ( ∂
∂z
)∣∣2 + ∣∣dHs ( ∂
∂z¯
)∣∣2 . (2.17)
Then we get by (2.15)-(2.17)
cos2 α =
(∣∣dHs ( ∂
∂z
)∣∣2 − ∣∣dHs ( ∂
∂z¯
)∣∣2)2 + 4 ∣∣〈dHs ( ∂
∂z
)
, jdHs
(
∂
∂z¯
)〉∣∣2(∣∣dHs ( ∂
∂z
)∣∣2 + ∣∣dHs ( ∂
∂z¯
)∣∣2)2 . (2.18)
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From (2.18), we find
cos2 α = 1− 4
∣∣dHs ( ∂
∂z
)∣∣2 ∣∣dHs ( ∂
∂z¯
)∣∣2 − ∣∣〈dHs ( ∂
∂z
)
, jdHs
(
∂
∂z¯
)〉∣∣2(∣∣dHs ( ∂
∂z
)∣∣2 + ∣∣dHs ( ∂
∂z¯
)∣∣2)2 ≤ 1.
We know there are two kinds of typical immersed surfaces in HPn: totally complex
and totally real(cf. [7][8][18]). Let ϕ :M → HPn be an isometric immersion of a Riemann
surface M into HPn. Then quaternionic Ka¨hler angle gives a measure of the failure of ϕ
to be a totally complex map or a totally real map. Indeed ϕ is totally complex if and only
if α(p) = 0 for all p ∈ M , while ϕ is totally real if and only if α(p) = pi2 for all p ∈ M .
From the above discussions, we get the following conclusion, which firstly appeared in
([12], Lemma 1).
Lemma 2.2 Let ϕ : M → HPn be a totally real isometric immersion. Let s be a local lift
of ϕ satisfying |s| = 1. Then∣∣∣∣dHs
(
∂
∂z
)∣∣∣∣2 =
∣∣∣∣dHs
(
∂
∂z¯
)∣∣∣∣2 ,
〈
dHs
(
∂
∂z
)
, jdHs
(
∂
∂z¯
)〉
= 0. (2.19)
3 Totally real minimal surfaces
We suppose that (M, ds2M) is a simply connected domain in the complex plane C with
local coordinate {z}. Denote
∂z =
∂
∂z
, ∂z¯ =
∂
∂z
.
The following lemmas will be used in this section.
Lemma 3.1 A map [s] : M → CP 2n+1 is an isometric minimal immersion satisfying
|s|2 = 1 if and only if
∂z¯∂zs− 〈∂z¯∂zs, s〉 s− 〈∂zs, s〉 ∂z¯s− 〈∂z¯s, s〉 ∂zs− 2 |〈∂zs, s〉|2 s = 0 (3.1)
holds.
Proof: Let s be a column vector valued in CP 2n+1 satisfying |s|2 = 1. Set f = ss∗, where
∗ denotes conjugate transpose. We consider CP 2n+1 as a totally geodesic submanifold of
U(2n+ 2) by Cartan imbedding τ(f) = 2f − I ∈ U(2n+ 2) for all f ∈ CP 2n+1. Here the
bi-invariant metric on U(n + 1) is given by ds2
U(n+1) =
1
8 trωω
∗, where ω = g−1dg is the
Maurer-Cartan form of U(n+1). The metric on CP 2n+1 induced by τ is the Fubini-Study
metric of constant holomorphic sectional curvature 4.
Since τ is totally geodesic, [s] is an isometric minimal immersion if and only if τ ◦ [s]
is an isometric minimal immersion, if and only if the following equation
∂z¯Az = [Az, Az¯] (3.2)
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holds (cf. [19]), where Az = (2f − I)∂zf , Az¯ = (2f − I)∂z¯f , and [, ] is Lie bracket of
gl(2n+ 2,C).
Let s⊥(∂zs) = ∂zs− 〈∂zs, s〉 s, s⊥(∂z¯s) = ∂z¯s− 〈∂z¯s, s〉 s. Then,
Az = s
[
s⊥(∂z¯s)
]∗
−
[
s⊥(∂zs)
]
s∗, (3.3)
Az¯ = s
[
s⊥(∂zs)
]∗
−
[
s⊥(∂z¯s)
]
s∗. (3.4)
Substituting (3.3) and (3.4) into (3.2), we obtain
(∂z¯s)
[
s⊥(∂z¯s)
]∗
+ s
[
∂zs
⊥(∂z¯s)
]∗
− ∂z¯
[
s⊥(∂zs)
]
s∗ −
[
s⊥(∂zs)
]
(∂zs)
∗ +
∣∣∣s⊥(∂z¯s)∣∣∣2 ss∗
+
[
s⊥(∂zs)
] [
s⊥(∂zs)
]∗
−
∣∣∣s⊥(∂zs)∣∣∣2 ss∗ − [s⊥(∂z¯s)] [s⊥(∂z¯s)]∗ = 0, (3.5)
which is equivalent to
∂z¯
[
s⊥(∂zs)
]
− 〈∂z¯s, s〉
[
s⊥(∂zs)
]
+
∣∣∣s⊥(∂zs)∣∣∣2 s = 0. (3.6)
Thus (3.1) follows from (3.6). 
Lemma 3.2 A map [s] : M → CP 2n+1 is a totally real isometric immersion satisfying
|s|2 = 1 if and only if
|∂zs|2 = |∂z¯s|2 (3.7)
holds.
Proof: The Ka¨hler angle of [s] is a function θ : M → [0, pi] given in terms of the complex
coordinate z on M by (cf. [3])
tan
θ
2
=
∣∣s⊥(∂z¯s)∣∣
|s⊥(∂zs)| .
Since [s] is totally real, then θ = pi2 , which implies∣∣∣s⊥(∂z¯s)∣∣∣2 = ∣∣∣s⊥(∂zs)∣∣∣2 .
It is equivalent to (3.7) by |s|2 = 1. 
Similar to Lemma 3.1, we have the following conclusion, which firstly appeared in ([12],
Proposition 1).
Lemma 3.3 Let ϕ : M → HPn be an isometric immersion. Let s be a local lift of ϕ
satisfying |s| = 1, then ϕ is minimal if and only if
∂z¯
[
dHs(∂z)
] − 〈∂z¯s, s〉 dHs(∂z)− 〈∂z¯s, js〉 jdHs(∂z¯) + |dHs(∂z)|2s+ 〈dHs(∂z), jdHs(∂z¯)〉 js = 0
(3.8)
holds.
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Proof: Let ϕ : M → HPn be an isometric immersion. Let s be a column vector valued
in C2n+2 satisfying |s| = 1, which is a natural local lift of ϕ. Set ϕ = ss∗ + (js)(js)∗.
We consider HPn as a totally geodesic submanifold of U(2n + 2) by Cartan imbedding
τ(ϕ) = 2ϕ − I ∈ U(2n + 2) for all ϕ ∈ HPn. Then ϕ is minimal if and only if τ ◦ ϕ is
minimal. It follows that (3.2) holds, here
Az = −
[
dHs(∂z)
]
s∗ + s
[
dHs(∂z¯)
]∗ − [jdHs(∂z¯)] (js)∗ + (js) [jdHs(∂z)]∗ ,
and
Az¯ = −
[
dHs(∂z¯)
]
s∗ + s
[
dHs(∂z)
]∗ − [jdHs(∂z)] (js)∗ + (js) [jdHs(∂z¯)]∗ .
Thus (3.8) follows from (3.2). 
The complex projective space CP 2n+1 is the twistor space of HPn. The twistor map
t : CP 2n+1 → HPn, is given by
t ([z1, z2, · · · , z2n+1, z2n+2]) = [z1 + z2j, · · · , z2n+1 + z2n+2j].
Then t is a Riemann submersion and the horizontal distribution is given by
n+1∑
i=1
(z2i−1dz2i − z2idz2i−1) = 0.
A part of the following result appeared in [12]. For completeness we will give the whole
proof.
Theorem 3.4 Let ϕ :M → HPn be a linearly full totally real isometric minimal immer-
sion, then there exists a totally real isometric horizontal minimal lift [s] : M → CP 2n+1.
Proof: Let ϕ : M → HPn be a linearly full totally real isometric minimal immersion. Let
[s] : U ⊂ M → CP 2n+1 be a natural local lift of ϕ satisfying |s| = 1. Here s is a column
vector valued in C2n+2. Set
D = (s, js)∗ ∂z (s, js) , (3.9)
then D is a 2× 2-matrix. Then we have{
∂z (s, js) = (s, js)D +
(
dHs(∂z), jd
Hs(∂z¯)
)
,
∂z¯ (s, js) = − (s, js)D∗ +
(
dHs(∂z¯), jd
Hs(∂z)
)
,
(3.10)
where
(
dHs(∂z), jd
Hs(∂z¯)
)∗
(s, js) =
(
dHs(∂z¯), jd
Hs(∂z)
)∗
(s, js) = 0.
From (3.10) and the identity ∂z∂z¯ = ∂z¯∂z, we get
∂z¯D + ∂zD
∗ + [D,D∗] =
(|dHs(∂z)|2 − |dHs(∂z¯)|2, 2 〈jdHs(∂z¯), dHs(∂z)〉
2
〈
dHs(∂z), jd
Hs(∂z¯)
〉
, |dHs(∂z¯)|2 − |dHs(∂z)|2
)
.
Since ϕ is totally real, then by Lemma 2.2 we have
∂D + ∂D∗ + [D,D∗] = 0. (3.11)
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Let s˜ be another local lift of ϕ satisfying |s˜| = 1, then
(s˜, js˜) = (s, js)T, (3.12)
where T : U → SU(2) is to be determined such that s˜ is horizontal, i.e. (s˜, js˜)∗ d (s˜, js˜) =
0. Such T is a solution of the linear PDE
dT + (Ddz −D∗dz)T = 0. (3.13)
The integrable condition of (3.13) is just (3.11), so it has an unique solution locally on M
for any given initial value. Let T be a solution of (3.13) with the initial value T (0) ∈ SU(2).
From (3.13) we have d(T ∗T ) = 0 and d|T | = 0, so T ∈ SU(2). Hence there exists a local
horizontal lift of ϕ, also denoted by s.
Let s and s˜ be two horizontal lifts of ϕ on U , then by (3.9) we have D = 0. We define
T by (3.12). It follows from (3.13) that T : U → SU(2) is a constant map. Since M is
simply connected, we can extend s to a global horizontal lift of ϕ on M .
Since ϕ is minimal , then from Lemma 3.3 we know (3.8) holds. Since s is horizontal,
then we have
dHs = ds, 〈∂zs, s〉 = 〈∂zs, js〉 = 〈∂z¯s, s〉 = 〈∂z¯s, js〉 = 0. (3.14)
Substituting (3.14) into (3.8) and using (2.19), we have
∂z¯∂zs+ |∂zs|2s = 0, |∂zs|2 = |∂z¯s|2. (3.15)
From (3.15) we find (3.7) holds, then [s] is totally real by Lemma 3.2. From (3.14) and
(3.15) we find (3.1) holds, then s is minimal by Lemma 3.1. Since ϕ is isometric, then
ds2M =
(|dHs(∂z)|2 + |dHs(∂z¯)|2) dzdz¯ = (|∂zs|2 + |∂z¯s|2) dzdz¯, (3.16)
where in the last equation we use the fact that s is horizontal. It verifies that s is isometric.
So we get our conclusions. 
Let ϕ : M → HPn be a linearly full totally real isometric harmonic map. By [1] and
[5], we know that ϕ belongs to the following harmonic sequence in G(2, 2n + 2),
· · · A
′′
ϕ1←− ϕ
−1
A′′ϕ0←− ϕ
0
= ϕ
A′ϕ0−→ ϕ
1
A′ϕ1−→ ϕ
2
A′ϕ2−→ · · ·
A′ϕm−1−→ ϕ
m
A′ϕm−→ ϕ
m+1
A′ϕm+1−→ · · · , (3.17)
where ϕ
−k
= jϕ
k
are 2-dimensional harmonic subbundle of the trivial bundle M ×C2n+2.
Here HPn is seen as the totally geodesic submanifold of G(2, 2n + 2).
Proposition 3.5 Let ϕ : M → HPn be a linearly full totally real isometric harmonic
map generating the harmonic sequence (3.17). If its totally real horizontal minimal lift [s]
generates the following harmonic sequence in CP 2n+1,
· · ·
A′′
f−m←− f
−m
A′′
f−m+1←− · · ·
A′′
f−1←− f
−1
A′′
f0←− f
0
= [s]
A′
f0−→ f
1
A′
f1−→ · · ·
A′
fm−1−→ f
m
A′
fm−→ · · · , (3.18)
where f
−k
, f
k
are line bundles, then for k = 0, 1, · · · ,m, · · · ,
〈fp, jf−q〉 = 0 (0 ≤ p, q ≤ k), (3.19)
and
ϕ
k
= f
k
⊕ jf
−k
. (3.20)
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Proof: It follows that
ϕ
0
= f
0
⊕ jf
0
.
Since
〈∂zs, js〉 = 〈∂z¯s, js〉 = 〈∂zs, j∂z¯s〉 = 0, (3.21)
and
f1 = ∂zs− 〈∂zs, s〉 s,
f−1 = ∂z¯s− 〈∂z¯s, s〉 s,
then we have
〈f1, jf0〉 = 〈f1, jf−1〉 = 〈f−1, jf0〉 = 0, (3.22)
which implies
ϕ
1
= f
1
⊕ jf
−1
. (3.23)
In the following, we prove (3.19) and (3.20) by induction on k. When k = 1 the
conclusion holds by (3.22) and (3.23). Suppose the conclusion is true for k − 1. Consider
the case of k. By induction hypotheses we have
〈fp, jf−q〉 = 0 (0 ≤ p, q ≤ k − 1), (3.24)
and
ϕ
k−1
= f
k−1
⊕ jf
−k+1
. (3.25)
Taking p = k − 1 in (3.24), we have
〈fk−1, jf−q〉 = 0 (0 ≤ q ≤ k − 1). (3.26)
By differentiating with respect to z in (3.26), using the fact that ∂z¯∂zs = −|∂zs|2s we
obtain
〈fk, jf−q〉 = 0 (0 ≤ q ≤ k − 1). (3.27)
Similarly, taking q = k − 1 in (3.24) we have
〈fp, jf−k+1〉 = 0 (0 ≤ p ≤ k − 1). (3.28)
By differentiating with respect to z¯ in (3.28), using the fact that ∂z¯∂zs = −|∂zs|2s we
obtain
〈fp, jf−k〉 = 0 (0 ≤ p ≤ k − 1). (3.29)
It follows from (3.27) that
〈fk, jf−k+1〉 = 0. (3.30)
By differentiating with respect to z¯ in (3.30), using the fact that ∂z¯∂zs = −|∂zs|2s we
obtain
〈fk, jf−k〉 = 0. (3.31)
From (3.27), (3.29) and (3.31) we get (3.19). It follows from the properties of harmonic
sequence (3.17) that
ϕ
k
= span
{
fk − 〈fk, jf−k+1〉|f−k+1|2 jf−k+1, jf−k −
〈jf−k, fk−1〉
|fk−1|2 fk−1
}
.
Then (3.19) verifies (3.20). So we finish our proof. 
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Proposition 3.6 Let ϕ :M → HPn be a linearly full totally real isometric harmonic map
of isotropy order n. Then its totally real horizontal minimal lift [s] : M → CP 2n+1 has
also isotropy order n.
Proof: Since the isotropy order of ϕ is n, then the harmonic sequence (3.17) is cyclic, i.e.,
ϕ
p
⊥ ϕ
q
(0 ≤ p < q ≤ n), ϕ
n+1
= ϕ
0
.
From Proposition 3.5,
ϕ
k
= f
k
⊕ jf
−k
(0 ≤ k ≤ n+ 1).
Since 〈fp, jf−q〉 = 0 (0 ≤ p, q ≤ n+1) by Proposition 3.5, then 〈fp, fq〉 = 0 (0 ≤ p < q ≤
n) and f
n+1
= f
0
, which implies the harmonic sequence (3.18) is cyclic, i.e., the isotropy
order of f
0
= [s] is n. 
4 Totally real flat minimal surfaces
The following result appears in [14], see also [15] and [4].
Theorem 4.1 If f : C→ CPn is a totally real harmonic map with induced metric f∗ds2 =
2dzdz. Then up to a unitary equivalence, f =
[
V
(n)
0
]
, where
V
(n)
0 (z) =


ea0z−a0zξ0
ea1z−a1zξ1
...
eamz−anzξn

 , (4.1)
and ak = e
iθk , ξk =
√
rk (rk > 0) for k = 0, 1, · · · , n, satisfying 0 = θ0 < θ1 < · · · < θn <
2pi, r0 + r1 + · · ·+ rn = 1.
In the following we will study linearly full totally real flat minimal surfaces in HPn.
Let ϕ : C→ HPn be a linearly full totally real flat minimal surface, from Theorem 3.4, we
know there exists a totally real flat minimal surface [s] : C → CP 2n+1 as the horizontal
lift of ϕ. Here [s] may not be linearly full in CP 2n+1, then it lies in CPm ⊂ CP 2n+1
for n ≤ m ≤ 2n + 1, where m ≥ n by ϕ being linearly full in HPn. Using Theorem
4.1, we know s is given by (4.1), up to U(2n + 2). But the isometry group of HPn is
Sp(n+1) =
{
U ∈ U(2n+ 2), UJn+1UT = Jn+1
}
, a subgroup of U(2n+2), then in order
to give the explicit expression of ϕ, we need characterize s, up to Sp(n+ 1).
Theorem 4.2 Let ϕ : C → HPn be a linearly full totally real flat minimal surface with
induced metric ϕ∗ds2 = 2dzdz, then up to a symplectic isometry of HPn, ϕ lies in CPn
given by (4.1).
Proof: Let ϕ : C → HPn be a linearly full totally real flat minimal surface with induced
metric ϕ∗ds2
HPn = 2dzdz. From Theorem 3.4 and Proposition 3.5, there exists a totally real
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horizontal minimal lift f0 = [s] : C → CP 2n+1 with induced metric f∗0ds2CP 2n+1 = 2dzdz,
such that
ϕ = f
0
⊕ jf
0
. (4.2)
Then by Theorem 4.1, there exists an unitary matrix U ∈ U(2n + 2) such that
s = UV
(m)
0 (n ≤ m ≤ 2n+ 1)
satisfying for any k = 1, · · · ,m, 〈
∂kz s, js
〉
= 0. (4.3)
Since js = Jn+1s¯. Then set W = U
TJn+1U , there have
W T = −W, W ∗W = I, tr
(
W∂kzV
(m)
0 V
(m)
0
T
)
= 0.
SetW =
(
wij
)
. Through the expression of V
(m)
0 given in (4.1), we get for any k = 1, · · · ,m,
m∑
i,j=0
(
wijξ
iξjakj e
(ai+aj)z−(ai+aj)z
)
= 0. (4.4)
For a given W , define a set
GW ,
{
U ∈ U(2n + 2)| UTJn+1U =W
}
.
The following can be easily checked,
(i) ∀ A ∈ Sp(n+ 1), U ∈ GW , we have that AU ∈ GW ;
(ii) ∀ U, V ∈ GW , ∃ A = UV ∗ ∈ Sp(n+ 1) s.t. U = AV .
In the following we discuss W in three cases.
Case I : ∀ i, j = 0,1, · · · ,m, ai + aj 6= 0. In this case, since ai 6= aj for i 6= j, then
wij = 0 by (4.4). So that the matrix W belongs to the following type
W =
(
0 ∗
∗ ∗
)
. (4.5)
If n < m ≤ 2n + 1 then the above W is a degenerate matrix, hence there doesn’t exist
this case. Thus m = n and
W =
(
0 W12
∗ ∗
)
with
W12 =

w0,n+1 · · · w0,2n+1... . . . ...
wn,n+1 · · · wn,2n+1

 .
Then the corresponding matrix U ∈ GW can be expressed as follow:
U =


1 0 · · · 0 0 0 · · · 0
0 0 · · · 0 −w0,n+1 −w0,n+2 · · · −w0,2n+1
0 1 · · · 0 0 0 · · · 0
0 0 · · · 0 −w1,n+1 −w1,n+2 · · · −w1,2n+1
...
...
. . .
...
...
...
. . .
...
0 0 · · · 1 0 0 · · · 0
0 0 · · · 0 −wn,n+1 −wn,n+2 · · · −wn,2n+1


.
Then we have
UV
(n)
0 (z) =


ea0z−a0zξ0
0
ea1z−a1zξ1
0
...
eanz−anzξn
0


, jUV
(n)
0 (z) =


0
e−a0z+a0zξ0
0
e−a1z+a1zξ1
...
0
e−anz+anzξn


,
which implies
ϕ =


ea0z−a0zξ0
ea1z−a1zξ1
...
eanz−anzξn

 .
Obviously the image of ϕ lies in CPn.
Case II : ∀ i, ∃ j s.t. ai + aj = 0. In this case, since ai 6= aj (i 6= j), then for any
i there exists and only exists one j such that ai + aj = 0. Hence m must be odd. Set
m = 2p+ 1. Then for any i = 0, 1, · · · , p
ai + ap+1+i = 0. (4.6)
Applying (4.6) in (4.4), then for any i = 0, 1, · · · , p
wij = 0 (j 6= p+ 1 + i), (4.7)
and
p∑
i=0
wi,p+1+iξ
iξp+1+ia2s+1i = 0 (s = 0, 1, · · · , p),
which implies 

a0 a1 · · · ap
a30 a
3
1 · · · a3p
...
...
. . .
...
a
2p+1
0 a
2p+1
1 · · · a2p+1p




w0,p+1ξ
0ξp+1
w1,p+2ξ
1ξp+2
...
wp,2p+1ξ
pξ2p+1

 =


0
0
...
0

 .
Since the determinant of coefficient matrix of the above equation is
a0a1 · · · ap
∏
0≤j<i≤p
(a2i − a2j ) 6= 0,
we have
wi,p+1+i = 0 (i = 0, 1, · · · , p). (4.8)
It follows from (4.7) and (4.8) that the matrix W belongs to the same type as (4.5). Thus
through the arguments of Case I, we get that in this case the image of ϕ also lies in CPn.
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Case III : ∃ i s.t.∀ j, ai + aj 6= 0 and ∃ k, l s.t. ak + al = 0. In this case, suppose
aiα +ajα = 0 (0 ≤ iα < jα ≤ m) for α = 1, · · · , s and for β = 2s+1, · · · ,m+1, ∀ j, aiβ +
aj 6= 0 (0 ≤ iβ ≤ m). Then
wiαk = 0 (k 6= jα), wiβk = 0,
and
s∑
α=1
wiαjαξ
iαξjαa2t+1iα = 0 (t = 0, · · · , s − 1),
which implies wiαjα = 0 for α = 1, · · · , s. Similarly, we find the matrix W belongs to the
same type as (4.5). Thus through the arguments of Case I, we get that in this case the
image of ϕ also lies in CPn.
In summary, we finish our proofs. 
Using Theorem 4.2 and Proposition 4.1 in [14] we obtain the following conclusion.
Proposition 4.3 Let ϕ : C → HPn be a linearly full totally real flat minimal surface of
isotropy order n, then ϕ is symplectically congruent to the Clifford solution in CPn, as
follows,
ϕ(z) =


ea0z−a0z
...
eakz−akz
...
eanz−anz

 , (4.9)
where ak = e
2piik
n+1 for k = 0, 1, · · · , n.
At last, we discuss the linearly full totally real flat minimal torus in HPn. As we
have seen, all linearly full totally real flat minimal tori in HPn are in fact symplectically
congruent to the ones in CPn. From [14], we know the classification of linearly full totally
real flat minimal tori in CPn, so that it is clear about the classification of linearly full
totally real flat minimal tori in HPn, up to symplectic congruence. Hence, the Clifford
torus is the only totally real isometric harmonic map from C to HP 2, up to symplectic
congruence. There are countably many flat, minimal tori in HP 3, HP 4; and there are
continuous families of such tori in HPn for n ≥ 5.
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